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Chapter 8: Multiple Decrement Models: Theory
C8-29
Exercise 8
Section 8.1 Multiple Decrement Table
1. (1986 Exam 150 Nov #8) You are given the following data from a double decrement table:
(1)
(1)
(2)
(i) l 63( )  500
(ii) q63
 0.050
(iii) q 63
 0.500
(iv) 1| q63
 0.070
(1)
(v) 2| q63
 0.042
( 2)
(vi) 2 q63
 0.600
(vii) l 66( )  0
Calculate d 65( 2 ) .
(A) 100
(B) 105
(C) 109
(D) 114
(E) 119
2. (1988 Exam 150 Nov #9) For a double decrement table, you are given:
x
30
31
32
q x(1)
q x( 2 )
q x( )
l x( )
d x(1)
d x( 2 )

0.020


0.050

0.075



1850



54
130


(1)
Calculate 3 q30
.
(A) 0.0555
(B) 0.0577
(C) 0.0614
(D) 0.0656
(E) 0.0692
Section 8.2 Forces of Decrement
3. (1982 Exam 150 Nov #40 and #41) For a double-decrement table, you are given:
2
(1)
(i)  40
, t0
t 
60  t
3
( 2)
(ii)  40
, t0
t 
60  t
(iii) T is the time-until-decrement random variable for (40).
(iv) J is the cause-of-decrement random variable for (40).
Calculate the probability that (40) terminates from decrement mode 2.
(A) 0.33
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(B) 0.40
(C) 0.50
(D) 0.60
(E) 0.67
Calculate f J | T (1 | 10).
(A) 0.33
(B) 0.40
(C) 0.50
(D) 0.60
(E) 0.67
4. (2001 May #10) For students entering a college, you are given the following from a multiple
decrement model:
(i)
1000 students enter the college at t 0.
(ii)
Students leave the college for failure (1) or all other reasons (2).
(iii)  t(1)  , 0  t  4,  t( 2 ) 0.04, 0  t  4
(iv) 48 students are expected to leave the college during their first year due to all causes.
Calculate the expected number of students who will leave because of failure during their
fourth year.
(A) 8
(B) 10
(C) 24
(D) 34
(E) 41
5. (2005 May #27) (50) is an employee of XYZ Corporation. Future employment with XYZ
follows a double decrement model:
(i)
Decrement 1 is retirement.
0.00 0  t  5
(1)
(ii)  50
t  
5t
0.02
(iii) Decrement 2 is leaving employment with XYZ for all other causes.
0.05 0  t  5
( 2)
(iv)  50
t  
5t
0.03
(v) If (50) leaves employment with XYZ, he will never rejoin XYZ.
Calculate the probability that (50) will retire from XYZ before age 60.
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(A) 0.069
(B) 0.074
(C) 0.079
(D) 0.084
(E) 0.089
Section 8.3 Associated Single Decrement
Part I: No any special assumptions
( )
6. (2000 Nov #14) For a double decrement table with l40
 2000 :
x
40
41
qx(1)
0.24

qx( 2 )
0.10

qx (1)
0.25
0.20
qx ( 2 )
y
2y
( )
Calculate l 42
.
(A) 800
(B) 820
(C) 840
(D) 860
(E) 880
7. (2000 May #15) In a double decrement table:
(i) l 30( )  1000
 (1)  0.1
(ii) q 30
(1)
 0.075
(iv) 1 | q30
(v) l 32( )  472
 ( 2 )  0 .3
(iii) q30
(2)
Calculate q31
.
(A) 0.11
(B) 0.13
(C) 0.14
(D) 0.15
(E) 0.17
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8. (1986 Exam 150 Nov #20) A multiple decrement table has 2 decrements, death (d) and
withdrawal (w). You are given:
t
0
1
2
q x(dt )
0.002
0.002
0.002
q x(wt )
0.15
0.05
0.04
Calculate 1| q x( ) .
(A) 0.022
(B) 0.036
(C) 0.044
(D) 0.051
(E) 0.073
9. (2005 May #2) For a double-decrement model:
t
t
(1)  1  , 0  t  60
(i) t p40
(ii) t p40( 2 )  1  , 0  t  40
60
40
( )
Find  60 .
(A) 0.025
(B) 0.038
(C) 0.050
(D) 0.063
(E) 0.075
10. (2001 Nov #20) Don, age 50, is an actuarial science professor. His career is subject to two
decrements:
(i) Decrement 1 is mortality. The associated single decrement table follows De Moivre’s law
with  100.
( 2)
(ii) Decrement 2 is leaving academic employment, with  50
 t  0.05, t  0.
Calculate the probability that Don remains an actuarial science professor for at least five but
less than ten years.
(A) 0.22
(B) 0.25
(C) 0.28
(D) 0.31
(E) 0.34
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11. (2003 Nov #27) For a double decrement table, you are given:
(i)  (x1)t  0.2  (x)t , t  0
(ii)  (x)t  kt 2 , t  0
(iii) qx(1)  0.04
Calculate 2 qx( 2 ) .
(A) 0.45
(B) 0.53
(C) 0.58
(D) 0.64
(E) 0.73
Part II: SUDD
12. (2006 Nov #38) For a triple decrement table, you are given:
(i)
Each decrement is uniformly distributed over each year of age in its associated single
decrement table.
(ii)
q x(1)  0.2
(iii) q x( 2 )  0.08
(iv) q x( 3)  0.125
Calculate qx(1) .
(A) 0.177
(B) 0.180
(C) 0.183
(D) 0.186
(E) 0.189
13. (1987 Exam 150 Nov #7) You are given the following for a double-decrement table:
2
(i)  x(1)0.5 
(ii) q x( 2 )  0.01
199
(iii) Each decrement is uniformly distributed over each year of age in its associated single
decrement table.
Calculate 1000q x(1) .
(A) 9.95
(B) 10.00
(C) 10.05
(D) 10.10
(E) 10.15
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14. (1987 Exam 150 May #14) For a double decrement table, you are given:
(i) Each decrement is uniformly distributed within each year of age in the associated single
decrement table.
(ii) l 60( ) 1000
 ( 2 )  0.20
(iii) q 60
(iv) d 60(1)  81
(1)
Calculate  60
.5 .
(A) 0.082
(B) 0.087
(C) 0.090
(D) 0.094
(E) 0.098
Part III: Constant Force
15. (2001 Nov #38) For a triple decrement model:
(i)
q x(1)
q x( 2 )
x
63
0.020
0.030
64
0.025
0.035
65
0.030
0.040
(1)
(ii) q 65  0.02716
q x( 3)
0.250
0.200
0.150
(iii) Each decrement has a constant force over each year of age.
(1)
Calculate 2 q64
.
(A) 0.04182
(B) 0.04248
(C) 0.04314
(D) 0.04480
(E) 0.04546
16. (2007 May #23) Assuming constant forces of decrement in each year of age, you are given:
(i) q x(1)  0.10
(ii) q x(21)  0.25
(iii)  x( 2 )  0.20
(iv)  x(1)1  0.15
Calculate 1|1qx(2) for a double decrement table.
(A) 0.169
(B) 0.172
(C) 0.175
(D) 0.178
(E) 0.181
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Part IV: MUDD
17. (2002 Nov #14) You intend to hire 200 employees for a new management-training program.
To predict the number who will complete the program, you build a multiple decrement table.
You decide that the following associated single decrement assumptions are appropriate:
(i)
Of 40 hires, the number who fail to make adequate progress in each of the first three
years is 10, 6, and 8, respectively.
(ii)
Of 30 hires, the number who resign from the company in each of the first three years is
6, 8, and 2, respectively.
(iii) Of 20 hires, the number who leave the program for other reasons in each of the first three
years is 2, 2, and 4, respectively.
(iv) You use the uniform distribution of decrements assumption in each year in the multiple
decrement table.
Calculate the expected number who fail to make adequate progress in the third year.
(A) 4
(B) 8
(C) 12
(D) 14
(E) 17
18. (1989 Exam 150 Nov # 26) For a double-decrement table, you are given:
x
35
36
37
l x( )
1000

828
d x(1)
39


d x( 2 )
41
69

Assume each decrement is uniformly distributed over each year of age in the double
decrement table. Calculate the absolute rate of decrement due to cause 1 for age 36.
(A) 0.026
(B) 0.050
(C) 0.064
(D) 0.080
(E) 0.100
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19. (2005 Nov #12) For a double decrement table, you are given:
Age x
40
41
42
l x( )
1000
d x(1)
60
d x( 2 )
55
70
750
Each decrement is uniformly distributed over each year of age in the double decrement table.
Calculate q 41(1) .
(A) 0.077
(B) 0.078
(C) 0.079
(D) 0.080
(E) 0.081
20. (2006 Nov #24) A population of 1000 lives age 60 is subject to 3 decrements, death (1),
disability (2), and retirement (3). You are given:
(i) The following absolute rates of decrement:
x
60
61
q x(1)
0.010
0.013
q x( 2 )
0.030
0.050
q x( 3)
0.100
0.200
(ii) Decrements are uniformly distributed over each year of age in the multiple decrement
table.
Calculate the expected number of people who will retire before age 62.
(A) 248
(B) 254
(C) 260
(D) 266
(E) 272
21. [Structural Question] Suppose that q x(1)  0.15 and q x( 2 )  0.21 . Find
under the following assumptions:
0.1|0.5
q x(1) and
0.1|0.5
q x(1)
(a) each of the decrements is uniformly distributed over each year of age in its associated
single decrement table;
(b) each of the decrements is uniformly distributed over each year of age in the double
decrement table;
(c) each of the forces of decrement is constant over each year of age.
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22. [Structural Question] Suppose that q x(1)  0.15 and q x( 2 )  0.21 . Find
under the following assumptions:
0.5
q x(1)0.1 and
0.5
q x(10).1
(a) each of the decrements is uniformly distributed over each year of age in its associated
single decrement table;
(b) each of the decrements is uniformly distributed over each year of age in the double
decrement table;
(c) each of the forces of decrement is constant over each year of age.
Section 8.4 Discrete Jumps
23. (2002 Nov #13) For a double-decrement table where cause 1 is death and cause 2 is
withdrawal, you are given:
(i)
Deaths are uniformly distributed over each year of age in the single-decrement table.
(ii)
Withdrawals occur only at the end of each year of age.
(iii) l x( )  1000
(iv) q x( 2 )  0.40
(v) d x(1)  0.45d x( 2 )
Calculate px( 2 ) .
(A) 0.51
(B) 0.53
(C) 0.55
(D) 0.57
(E) 0.59
( 2)
( 3)
24. Consider the setting in Example 8.13. Find q 61
and q 61
.
25. (1986 Nov Exam 150 #12) A multiple decrement table has 2 decrements, death (d) and
withdrawal (w). Withdrawals occur once a year three-fourths of the way through the year of
age. Deaths in the associated single-decrement table are uniformly distributed over each year
of age.
You are given:
(i) l x( )  1000
(ii) q x( w )  0.2
(iii) l x(1)  720
Calculate d x(d ) .
(A) 83
(B) 86
(C) 90
(D) 93
(E) 95
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26. (2000 Nov #7) For a multiple decrement table, you are given:
(i)
Decrement (1) is death, decrement (2) is disability, and decrement (3) is withdrawal.
(ii)
 (1)  0.010
q 60
(v)
Withdrawals occur only at the end of the year.
 ( 2 )  0.050
(iii) q 60
 (3)  0.100
(iv) q 60
(vi) Mortality and disability are uniformly distributed over each year of age in the associated
single decrement tables.
( 3)
Calculate q 60
.
(A) 0.088
(B) 0.091
(C) 0.094
(D) 0.097
(E) 0.100
27. (2001 Nov #21) For a double decrement model:
(i)
(ii)
In the single decrement table associated with cause (1), q 40(1)  0.100 and decrements are
uniformly distributed over the year.
 ( 2 )  0.125 and all decrements
In the single decrement table associated with cause (2), q 40
occur at time 0.7.
( 2)
Calculate q 40
.
(A) 0.114
(B) 0.115
(C) 0.116
(D) 0.117
(E) 0.118
28. (2007 May #9) For a double decrement table, you are given:
(i)
In the single decrement table associated with cause (1), decrements are uniformly
distributed over the year.
(ii)
In the single decrement table associated with cause (2), decrements occur at only two
points during the year. Three-quarters of the decrements occur at time 1/5 and the
remaining one-quarter occur at time 3/5.
 ( 2 )  0.12
(iii) q 25(1)  0.10 and q 25
( 2)
Calculate q 25
.
(A) 0.108
(B) 0.110
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(C) 0.112
(D) 0.114
(E) 0.116
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Solutions to Exercise 8
1. By using (i) to (v), we get:
d 63(1)  500  0.05  25 , d 63( 2 )  500  0.5  250 , d 64(1)  500  0.07  35 ,
d 65( 2 )  500  0.042  21 .
So, we can establish the following double decrement table:
l x( )
500
225
(b)
0
x
63
64
65
66
d x(1)
25
35
21
d x( 2 )
250
(a)
(c)
By (i) and (vi), we also have d 63( 2 )  d 64( 2 )  500  0.6  300 .
As a result, (a)  50, (b)  225  35  50 = 140, and hence (c)  140 – 21  119.
The correct answer is (E).
1850
 2000 .
1  (0.02  0.05)
 2000  1850  130  20 .
( )
2. We have l 31( )  l 30( ) p 30
, and hence l 30( ) 
As a result, d 30(1)
(1)
We then use d 31(1)  l 31( ) q 31
to get d 31(1)  1850  0.02  37 .
On combining the results, we have 3 d 30(1)  20  37  54  111 . That means
111
(1)
 0.0555 .
3 q 30 
2000
The correct answer is (A).
(1)
( 2)
3. (a) The total force of decrement for a life age 40 is  40
 t   40  t 
5
, t  0.
60  t
The joint distribution of T and J is
5
 t 5ds  ( j )
 60  ( j )

 exp  
  40  t  
  40  t ,
t p
0 60  s


 60  t 
for t  0 and j  1, 2. So, the probability P(J  2) is
( )
40
( j)
40  t
5

3
1
3  60 5
 60 
5
 
dt  3  60 
dt 
 0.6 .

q
0
0 (60  t ) 6
5  60 5
 60  t  60  t
The correct answer is (D).
(2)
40

(b) By the definition of conditional probability / density, f J |T (1 | 10)  f x , J (10, 1) / f x (10) .
We calculate the two terms one by one:
( ) (1)
f x , J (10, 1)  10 p 40
 50 , f x (10)  10 p 40( )  50( ) .
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 50(1) 2
So, f J |T (1 | 10)  ( )  , and the correct answer is (B).
5
 50
4. A randomly chosen student either leaves the college during their first year, or stay. So, the
total number of students who leave the college during their first year follows a binomial
distribution B(1000, q 0(  ) ), where
q 0(  )  1  p 0(  )  1  e  (   0.04 ) .
The expected number of students who would leave the college during their first year is
1000 q 0(  )  1000(1  e  (   0.04 ) )  48 .
By solving the equation above, we get   0.00919.
Similarly, the expected number of students who will leave because of failure during their
fourth year is
10003| q 0(1)  1000
4
3
4
t
p 0( )  t(1) dt  1000 e 0.04919t 0.00919dt
3
9.19

(e 0.049193  e 0.049194 )  7.7375.
0.04919
The correct answer is (A).
5. The total force of decrement during the first five years is 0  0.05  0.05, while that during
the next five years is 0.02  0.03  0.05. So, t p x( )  e 0.05t for t  0.
As a result, the joint density of T50 and J50, evaluated at J50  1, is

e 0.05t  0  0
0t5
f 50, J (t , j )   0.05t
.
 0.05t
 0.02  0.02e
t 5
e
The probability required is.
10
10
2
(1)
f 50, J (t , j )dt  0.02  e  0.05t dt  (e  0.25  e 0.5 )  0.0689 .
10 q 50  
0
5
5
The correct answer is (A).
( )
6. To find y, we use two methods to compute p 40
.
( )
 (1) p 40( 2 )  0.75(1  y ) .
Firstly, p 40
 p 40
( )
( )
Secondly, p 40
 1  q 40
 1  0.24  0.1  0.66 .
On solving, we get y  0.12.
( )
( )
 (1) p 41
 ( 2 )  0.8(1  2 y )  0.608 , and hence l 42
So, p 41
 p 41
 2000  0.66  0.608  802.56.
The correct answer is (A).
( )
 (1) p30
 ( 2 )  0.9  0.7  0.63 .
7. From (ii) and (iii), we get p30
 p 30
As a result, l 31( )  1000  0.63  630 .
From (iv), d 31(1)  1000  0.075  75 . By using (v), we get d 31( 2 )  630  75  472  83 .
(2)
So, q31
 83 / 630  0.132. The answer is (B).
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8. We start with 1| q x( )  p x( ) q x()1 .
p x( )  (1  0.002)(1  0.15)  0.8483 ,
p x()1  (1  0.002)(1  0.05)  0.9481 .
So, the answer is 0.8483 &times; (1  0.9481)  0.04403. The correct answer is (C).
d
d 60  t
1
.
ln( t p 40(1) )   ln

dt
dt
60
60  t
1
1
1
( 2)
( )
Similarly, from (ii),  40
. So,  60


 0.075 .
t 
40  t
60  20 40  20
The correct answer is (E).
(1)
9. From (i),  40
t  
 (1)  1 
10. We have t p 50
t
for 0  t  50 and
100  50
t
 ( 2 )  e 0.05t .
p50
t 

( )
 (1) t p50
 ( 2 )  1  e  0.05t .
The survival probability for a 50-year old is t p50
 t p50
 50 
The probability required is
( )
( )
( )
5|5 q 50  5 p 50  10 p 50
5

 10 
 1  e 0.055  1  e 0.0510
 50 
 50 
 0.25
 0.5
 0.9e
 0.8e
 0.2157.
The correct answer is (A).
11. To compute 2 qx( 2 ) , we need the fx,J(t, 2), which means we need to compute k.
So, we start with the only known value: qx(1)  0.04 or p x(1)  0.96.
1
 0 .2 k 
p x(1)  exp   0.2kt 2 dt   exp 

 0

3 

and hence k  0.61233.
t
 kt 3 
 , and hence
As a result, t p x( )  exp   ks 2 ds   exp 
 0

 3 
fx,J(t, 2)  t p x( )  x( 2)t  exp(
kt 3
kt 3
)[  x()t   x(1)t ]  exp(
)0.8kt 2
3
3
Finally,
2
(2)
  exp(
2 qx
0
2
kt 3
kt 3  kt 3 

)0.8kt 2 dt  0.8 exp(
)d 
0
3
3  3 
2

kt 3 
8k
 0.8 exp(
)  0.8 [1  exp( )]  0.6437
3 0
3

The correct answer is (D).
12. Since all three decrements are SUDD, we can use equation (8.6) directly:
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 0.08  0.125 0.08  0.125 
q x(1)  0.21 

  0.18016 .
2
3


The correct answer is (B).
13. From (iii), decrement 1 is SUDD. So  x(1)0.5 
q x(1)
holds. From (i),
1  0.5q x(1)
q x(1)
2

199 1  0.5q x(1)
199q x(1)  2  q x(1)
q x(1)  0.01
From (iii), since both decrements are SUDD, we can use equation (8.7) directly:
 q  (1) 
 0.01 
q x( 2 )  q x( 2) 1  x   0.01  q x( 2) 1 

2 
2 


and hence q x( 2 )  0.01005025 . Finally,
So, 1000q x(1)
 q (2) 
 0.01005025 
q x(1)  q x(1) 1  x   0.011 
  0.0099497 .
2
2




 9.9497 . The correct answer is (A).
(1)
14. Because decrement 1 is SUDD,  60
.5 
 (1)
q 60
.
 (1)
1  0.5q 60
 (1) from the information given.
So, we need to find q 60
81
(1)
From (ii) and (iv), we have q 60

 0.081 .
1000
On the other hand, since both decrements are SUDD, we can use equation (8.7) directly:
 q  ( 2)
q x(1)  q x(1) 1  x
2

(1)
from which we get q x(1)  0.09 . So,  60
.5

0.2 
  0.081  q x(1) 1 

2 


 (1)
q 60
0.09


 0.0942 .
(1)

1  0.045
1  0.5q 60
The correct answer is (D).
(1)
(1)
( ) (1)
(1)
15. Notice that 2 q 64
, what are needed are
 q 64
 p 64
q 65 . Since we are given the value of q 65
( )
(1)
the values of p 64
and q 64
.
3
( )
 ( j )  0.975  0.965  0.8  0.7527 .
p 64
  p 64
j 1
(1)
( )
( ) q64 / q64
 (1)  [ p 64
Then by the partition property, p 64
]
. Putting in numbers,
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(1)
0.975  0.7527 q64 / 0.2473
(1)
q 64
 0.022039.
(1)
(1)
( ) (1)
So, 2 q 64
 q 64
 p 64
q 65  0.022039  0.7527 &times; 0.02716  0.042483.
The correct answer is (B).
16. We need to compute
1| 1
q x( 2)  p x( ) q x( 2)1 . Firstly, p x( )  p x(1) p x( 2 )  0.9e 0.2 .
Secondly, we use the partition property to get q x( 2)1 as follows:
p x()1  p x(11) p x(21)  e 0.15  0.75  0.645531,
( )
( 2)
p x(21)  [ p x()1 ]q x 1 / q x 1
( 2)
0.75  (0.645531) qx 1 / 0.354469
q x( 2)1  0.232987
So,
1| 1
q x( 2)  0.9e 0.2  0.232987  0.17168 . The correct answer is (B).
17. The information given can be converted into the following table:
x
0
1
2
q x(1)
q x( 2 )
q x( 3)
10/40  0.25
6/30  0.2
8/24  1/3
6/30  0.2
8/24  1/3
2/16  0.125
2/20  0.1
2/18  1/9
4/16  0.25
We need to compute d 2(1) .
2 8
p0( )  0.75  0.8  0.9  0.54 , p1( )  0.8    0.474074
3 9
2
p2( )   0.875  0.75  0.4375
3
(1)
2
By the partition property,  0.4375q 2 / 0.5625 , giving q2(1)  0.275892 .
3
(1)
So, d 2  200 &times; 0.54 &times; 0.474074 &times; 0.275892  14.1257. The correct answer is (D).
18. Firstly, the multiple decrement table for x  36 should read l36( )  920 , d x(1)  920 – 828 – 69
 23.
(1)
q 36
23
828
( )
We have ( ) 
 0.25 , p 36

 0 .9 .
23  69
920
q36
 (1)  0.9 0.25  0.9740 , and hence the absolute rate of decrement
By the partition property, p36
is 1  0.9740  0.0260. The correct answer is (A).
( )
(1)
19. Firstly, the multiple decrement table for x  41 should read l 41
 885 , d 41
 65.
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(1)
q 41
65
750
( )
We have ( ) 
 0.48148 , p 41

 0.847458 .
65  70
885
q 41
 (1)  0.847458 0.48148  0.923401 , and hence the absolute rate of
By the partition property, p 41
decrement is 1  0.923401  0.07660. The correct answer is (A).
20. For age 60:
( )
( )
p60
 0.99  0.97  0.9  0.86427 , giving q 60
 1  0.86427  0.13573.
( 3)
By the partition property, 0.9  0.86427 q60
/ 0.13573
( 3)
, giving q60
 0.09803645.
For age 61:
( )
( )
p61
 0.987  0.95  0.8  0.75012 , giving q61
 1  0.75012  0.24988.
( 3)
By the partition property, 0.8  0.75012 q 61
/ 0.24988
( 3)
, giving q61
 0.19393 .
With the above values, we can now construct the multiple decrement table as follows:
Age x
l x( )
d x(1)
d x( 2 )
60
1000




( )
1000 p 60
61
 864.27
d x( 3)
( 3)
1000 q 60
 98.0364
( 3)
864.27 q 61
 167.6077
The expected number of people who will retire before age 62 is
98.0364 167.6077  265.64.
The correct answer is (D).
21. (a) Under SUDD, the density of the first decrement is t p x(1)  x(1)t  q x(1)  0.15 . As a result,
0.1|0.5
q x(1)  
0.1|0.5
0.6
t
0.1
p x(1)  x(1)t dt  0.15
q x(1)  
0.6
0.1 t

0.6
0.1
0.6
0.1
p x( )  x(1)t dt  
dt  0.15  0.5  0.075 ,
0.6
0.1
t
p x( 2) t p x(1)  x(1)t dt
(1  0.21t )0.15dt  0.0694875
(b) q x( )  1  p x(1) p x( 2 )  1  0.85  0.79  0.3285 , so that t p x( )  1  0.3285t .
By the partition property,
q x(1)
p x
(1)
( ) q x( )
x
[p ]
Under MUDD,
0.1|0.5
 0.85  0.6715
t
q x(1)
0.3285
 q x(1)  0.3285
ln 0.85
 0.134058 .
ln 0.6715
p x( )  x(1) (t )  q x(1) , and hence
q x(1)  
0.6
0.1
t
p x( )  x(1)t dt  
0.6
0.1
q x(1) dt  0.5q x(1)  0.067029 .
q (x1)
Again by the partition property, t p x
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0.1|0.5
q x(1) 
0.1
p x(1) 
0.6
p x(1)  0.9846415  0.9143093  0.072152.
(c) Under constant force,  x(1t)   ln 0.85 , so that
0.1|0.5
0.1|0.5
q x(1)  
0.6
0.1 t

0.6
0.1

q x(1) 
0.1
p x(1)  0.6 p x(1)  e 0.1ln 0.85  e 0.6 ln 0.85  0.076787 .
p x( )  x(1)t dt  
0.6
0.1
t
p x(1) t p x( 2)  x(1)t dt
e t ln 0.85 e t ln 0.79 ( ln 0.85)dt  ( ln 0.85) 
0.6
0.1
0.6715 t dt
ln 0.85
(0.6715 0.6  0.6715 0.1 )  0.070804
ln 0.6715
22. (a) We first solve the primed rates.
 q  ( 2) 
 q  (1) 
q x(1)  q x(1) 1  x  and q x( 2)  q x( 2) 1  x 
2 
2 


 q (2) 
 q  (1) 
 0.15  q x(1) 1  x  and 0.21  q x( 2 ) 1  x  .
2 
2 


By subtraction, we get
 q  (1) 
 q  ( 2) 
0.21  0.15  q x( 2) 1  x   q x(1) 1  x  or 0.06  q x( 2)  q x(1) .
2 
2 


q x( 2 ) 
(1) 

 , we get

Putting back the equation into 0.15  q x 1 
2


 q  (1)  0.06 
  0.97q x(1)  0.5[q x(1) ]2 .
0.15  q x(1) 1  x
2


By using the quadratic formula, we get q x(1)  0.1694377 (the other root 1.77 is rejected)
and also q x( 2 )  0.2294377.
To find
0. 1
0.5
q x(10).1 under SUDD, we use we use
p x(1)  1  0.1q x(1) and
0.1|0.5
0.1|0.5
q x(1) 
0.1
p x(1) 0.5 q x(10).1 . Since
q x(1)  0.5q x(1) ,
 (1)
0.5 q x  0.1 
0.5q x(1)
 0.086179 .
1  0.1q x(1)
To find 0.5 q x(1)0.1 under SUDD, we use 0.1|0.5 q x(1)  0.1 p x( ) 0.5 q x(1)0.1 .
Obviously,
( )
 0.1 p x(1) 0.1 p x( 2 )  (1  0.1q x(1) )(1  0.1q x( 2 ) )  0.96050121 .
0.1 p x
Then
0.6
0.6
0.35q x( 2) 
(1)
( 2)
(1)
(1)
( 2)
(1) 

  0.07791565





q

p
q
d
t

q
(
1

t
q
)d
t

q
0
.
5

0.1|0.5 x
x 
x
x 
0.1 t x x
0.1
2


(1)
Hence, 0.5 q x  0.1  0.07791565 / 0.96050121  0.081120.
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(b) q x( )  q x(1)  q x( 2 )  0.15  0.21  0.36
Under MUDD, the density fx, J(t, 1) is uniform: t p x( )  x(1)t  q x(1) . As a result,
0.1|0.5
q x(1)  
0.6
0.1
t
p x( )  x(1)t dt  0.5q x(1)  0.5 &times; 0.15  0.075.
On the other hand,
0.1|0.5
where
0. 1
q x(1) 
0.1
p x( ) 0.5 q x(1)0.1
p x( )  1  0.1q x( )  1  0.1  0.36  0.964 . So,
0. 5
q x(1)0.1 
0.075
 0.077801 .
0.964
For the primed rate,
0.15
0. 5
q x(10).1  1 
0.5
p x(10).1  1 
0.6
p x(1) / 0.1 p x(1)  1 
(1  0.6  0.36) 0.36
(1  0.1  0.36)
0.15
0.36
 0.082514 .
(c) By the partition property,
q (x1)
p x
which gives 
(1)
x
(1)
( ) q x( )
x
[p ]
 0.64
0.15
0.36
 0.8303127 ,
  ln 0.8303127  0.185953 . So,
0. 5
q x(10).1  1 
0. 5
p x(10).1  1  e 0.1859530.5  0.088785 .
Similarly, since p x( )  1  0.36  0.64 , we have  x( )   ln 0.64 . Then
0. 5
0.5
0.185953
1
(1)
( )
(1)
0.64 t  0.185953dt 
(0.64 0.5  1)  .
0.5 q x  0.1  
t p x  0.1  x  0.1 t dt  
0
0
ln 0.64
12
23. This is exactly the set up that we have dealt with in Section 8.4. From (iv) and (v),
q x(1)  0.4  0.45  0.18. This means q x(1)  0.18 , and q x( 2 )  p x(1) q x( 2 )  0.82q x( 2 ) .
By (iv) again, q x( 2 ) = 0.4 / 0.82  20/41.
Then px( 2 )  21/41, and the correct answer is (A).
24. For (2), decrement only occurs at time 1. The size of the jump is 0.1.
(2)
 (1) p 61
 ( 3)  0.1  (1  0.0925)  0.8  0.1  0.0726 .
q 61
 p 61
For (3), decrement only occurs at time 0. The size of the jump is 0.2.
( 3)
 (1) 0 p 61
 ( 2 )  0 .2  0 .2 .
q 61
 0 p 61
As a check, the sum of the q(i)’s is 0.074  0.0726  0.2  0.3466, which equals 1 
45516
.
69660
25. From (i) and (iii), we have p x( )  0.72 . Then by p x( )  p x( w ) p x( d ) , we get px(d )  0.9. Since
death is UDD under its associated single decrement table, t p x( d )  x( d t)  q x( d )  0.1 .
For withdrawal, it is a discrete jump at time t  3/4. So,
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1
t  0.75

p x( w )  
.
1  0.2  0.8 0.75  t  1
To calculate d x(d ) , we need q x(d ) , which can be computed from
t
q x( d )  
0.75
0
t
p x( w) 0.1dt  
1
0.75
t
p x( w) 0.1dt  
0.75
1
0
0.75
1 0.1dt   0.8  0.1dt  0.095
and the answer is 1000  0.095  95.
Alternatively, we may find q x( w ) , which can be computed from
3
q x( w )  3 / 4 p x( d )  0.2  (1  q x( d ) )  0.2  (1  0.75  0.1)  0.2  0.185
4
Hence, d x( w )  1000  0.185  185 , and d x(d )  1000 – 720 – 185  95.
The correct answer is (E).
26. For withdrawal, we have a single jump that occurs at time 1, and the jump size is 0.1.
The answer is 0.99 &times; 0.95 &times; 0.1  0.9405. The correct answer is (C).
Note that the SUDD assumption for the other two decrements is not needed unless you are
asked to compute the other two decrement under the multiple decrement table.
27. For cause 1, t q 40(1)  tq 40(1)  0.1t for 0  t  1.
For cause 2, there is only 1 jump of size 0.125 at time 0.7.
( 2)
 (1)  0.125  (1  0.1  0.7)  0.125  0.11625
q 40
 0.7 p 40
The correct answer is (C).
28. For cause (1), we have t p x(1)  1  tq x(1)  1  0.1t for 0  t  1.
For cause (2), we have two jumps:
0
0  t  0.2


( 2)
  0.12  3 / 4  0.09 0.2  t  0.6
t qx

0.12
0.6  t  1

The sizes of the jumps are 0.09 and 0.12  0.09  0.03. So,
 n

(2)
q 25
    tk p 25(1)  ( tk q 25( 2) )
t k 1  j 1, j  i

(1)
( 2)
 (1)  ( 0.6 q 25
 ( 2) )
 0.2 p 25  ( 0.2 q 25 )  0.6 p 25
 ( 2) )  (1  0.6q 25
 (1) ) ( 0.6 q 25
(2) )
 (1  0.2q 25(1) ) ( 0.2 q 25
 (1  0.2  0.1)  0.09  (1  0.6  0.1)  0.03
 0.1164
The correct answer is (E).
Actex Learning
| Johnny Li and Andrew Ng | SoA Exam LTAM
Chapter 9: Multiple Decrement Models: Applications
C9-18
Exercise 9
Section 9.1 Calculating APV of Cash Flows under Multiple Decrement
1. (2002 Nov #34) XYZ Paper Mill purchases a 5-year special insurance paying a benefit in the
event its machine breaks down. If the cause is “minor” (1), only a repair is needed. If the cause
is “major” (2), the machine must be replaced. Given:
(i)
The benefit for cause (1) is 2000 payable at the moment of breakdown.
(ii)
The benefit for cause (2) is 500,000 payable at the moment of breakdown.
(iii) Once a benefit is paid, the insurance contract is terminated.
(iv)  t(1)  0.100 and  t( 2 )  0.004, t  0
(v)
  0.04
Calculate the actuarial present value of this insurance.
(A) 7840
(B) 7880
(C) 7920
(D) 7960
(E) 8000
2. (2005 Nov #3) A special whole life insurance of 100,000 payable at the moment of death of
(x) includes a double indemnity provision. This provision pays during the first ten years an
additional benefit of 100,000 at the moment of death for death by accidental means.
You are given:
(i)
 x()t  0.001 , t  0
 x(1t)  0.0002, t  0, where  x(1) is the force of decrement due to death by accidental
means.
(iii)   0.06
(ii)
Calculate the single net premium for this insurance.
(A) 1640
(B) 1710
(C) 1790
(D) 1870
(E) 1970
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3. (2003 Nov #7) A whole life policy provides that upon accidental death as a passenger on an
airplane a benefit of 1,000,000 will be paid. If death occurs from other accidental causes, a
death benefit of 500,000 will be paid. If death occurs from a cause other than an accident, a
death benefit of 250,000 will be paid. You are given:
(i)
Death benefits are payable at the moment of death.
(ii)
(1)  1 / 2,000,000 where (1) indicates accidental death as a passenger on an airplane.
(iii) (2) 1 / 250,000 where (2) indicates death from other accidental causes.
(iv) (3) 1 / 10,000 where (3) indicates non-accidental death.
(v)
  0.06
Calculate the single net premium for this insurance.
(A) 450
(B) 460
(C) 470
(D) 480
(E) 490
4. (2007 May #30) For a special fully continuous whole life insurance on (x), you are given:
(i)
Mortality follows a double decrement model.
(ii)
The death benefit for death due to cause 1 is 3.
(iii) The death benefit for death due to cause 2 is 1.
(iv)  (x1)t  0.02, t  0
(v)
 (x2)t  0.04, t  0
(vi) The force of interest, , is a positive constant.
Calculate the net premium for this insurance.
(A) 0.07
(B) 0.08
(C) 0.09
(D) 0.10
(E) 0.11
Actex Learning | Johnny Li and Andrew Ng | SoA Exam LTAM
Chapter 9: Multiple Decrement Models: Applications
C9-20
5. (2004 Nov #35) For a special whole life insurance:
(i)
The benefit for accidental death is 50,000 in all years.
(ii)
The benefit for non-accidental death during the first 2 years is return of the single net
premium without interest.
(iii) The benefit for non-accidental death after the first 2 years is 50,000.
(iv) Benefits are payable at the moment of death.
(v)
(1)
Force of mortality for accidental death:  x
t  0.01, t  0.
( 2)
(vi) Force of mortality for non-accidental death:  x
t  2.29, t  0.
(vii)   0.1
Calculate the single net premium for this insurance.
(A) 1,000
(B) 4,000
(C) 7,000
(D) 11,000
(E) 15,000
6. (2005 Nov #33) For a 3-year fully discrete term insurance of 1000 on (40), subject to a double
decrement model:
(i)
(ii)
x
40
41
42
l x( )
2000
d x(1)
20
30
40
d x( 2 )
60
50
Decrement 1 is death. Decrement 2 is withdrawal.
(iii) There are no withdrawal benefits.
(iv) i  0.05
Calculate the level annual net premium for this insurance.
(A) 14.3
(B) 14.7
(C) 15.1
(D) 15.5
(E) 15.7
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7. (MLC Sample Structural Question #8) You are the actuary for a company that sells a fully
discrete 100,000 2-year term life insurance to 60-year olds. The policy has no cash surrender
value. The original pricing assumptions were:
(i)
Mortality and lapse rates are given in the table below, where decrement 1 is death and
decrement 2 is lapse. Deaths are uniformly distributed in the associated single decrement
model. All lapses occur at the end of the year.
x
60
61
(ii)
q x(1)
0.12
0.18
q x( 2 )
0.10
0.20
Expenses are 5% of gross premiums.
(iii) i  0.07
(a) Show that the expected present value of the death benefit, to the nearest 100, is 23,700.
(b) Calculate the annual gross premium for this policy using the equivalence principle.
Your company now offers a policy with the same benefit, but with a single premium. You
assume that this new policy will have no lapses. All other assumptions and features remain
unchanged.
(c) Justify the assumption of no lapses for this new policy.
(d) Calculate the expected present value of the death benefit for this new policy.
(e) Explain why the expected present value of the death benefit is greater for this new policy
that for the original policy.
[2  2  1  2  1  8 points]
Section 9.2 Calculating Reserve
8. (2006 Nov #36) For a fully discrete 4-year term insurance on (40), who is subject to a doubledecrement model:
(i)
The benefit is 2000 for decrement 1 and 1000 for decrement 2.
(ii)
The following is an extract from the double-decrement table for the last 3 years of this
insurance:
l x( )
d x(1)
d x( 2 )
x
41
800
8
16
42
–
8
16
43
–
8
16
(iii) v  0.95
(iv) The net premium, based on the equivalence principle, is 34.
Calculate the net premium reserve at the end of year 2.
(A) 8
(B) 9
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(C) 10
(D) 11
(E) 12
9. (2004 May #23) For a special fully discrete 3-year term insurance on (55), whose mortality
follows a double decrement model:
(i)
Decrement 1 is accidental death; decrement 2 is all other causes of death.
(ii)
(iii)
qx(1)
0.002
0.005
0.008
x
55
56
57
qx(2)
0.020
0.040
0.060
i  0.06
(iv) The death benefit is 2000 for accidental deaths and 1000 for deaths from all other causes.
(v)
The level annual contract premium is 50.
(vi)
1L
is the prospective loss random variable at time 1, based on the contract premium.
Calculate E(1L).
(A) 5
(B) 9
(C) 13
(D) 17
(E) 20
10. (2006 Nov #13) For a fully continuous whole life insurance on (x), you are given:
(i)
The benefit is 2000 for death by accidental means (decrement 1).
(ii)
The benefit is 1000 for death by other means (decrement 2).
(iii) The initial expense at issue is 50.
(iv) Settlement expenses are 5% of the benefit, payable at the moment of death.
(v)
Maintenance expenses are 3 per year, payable continuously.
(vi) The contract premium is 100 per year, payable continuously.
(vii)  x(1t)  0.004, t  0
(viii)  x( 2t)  0.040, t  0
(ix)   0.05
Calculate the actuarial present value at issue of the insurer’s expense-augmented loss random
variable for this insurance.
(A) – 446
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(B) – 223
(C) 0
(D) 223
(E) 446
11. [Structural Question] Consider an accidental-death model. Let (1) be death due to accident
and (2) be death due to other causes, and suppose
 x(1)  5  10 4  7.6  10 5 e 0.09 x and
(a) Calculate
10
( )
and
p 40
10
(1)
. For
q 40
10
 x( 2 )  10 5 .
(1)
, use Simpson’s rule with 4 subintervals.
q 40
(b) An insurance company uses the model to calculate premiums for a special 10-year term
insurance policy. The basic death benefit is $50,000, but the death benefit becomes
$125,000 if death occurs as a result of an accident. The death benefit is payable
immediately on death. Premiums are payable continuously throughout the term. Ignore
expenses.
Using a force of interest of 5% per year and ignoring expenses, for a policy issued to a life
aged 40, calculate
(i) the premium; and
(ii) the net premium reserve at the end of year 5.
Use Simpson’s rule with length of subinterval of 2.5 to compute any integrals that cannot
be evaluated analytically.
(c) Write down the Thiele’s differential equation satisfied by the net premium reserve.
(d) Hence, use Euler’s method with h  1 and a backward recursion to solve for the reserve at
the end of year 5.
12. (MLC Sample Structural Question #19) An insurer issues fully continuous 10-year term
insurance policies with face amount 100,000 to lives age 50. Level gross premiums of 300 per
year are payable continuously throughout the term of the contract. There is no cash value on
lapse.
Gross premium reserves are calculated on the following basis:
Mortality: x  Bcx, where B  10–5, c  1.1
Lapse:
Lapse transition intensity is 0.05 per year.
Interest:
4% per year compounded continuously.
Expenses: 50 per year, incurred continuously.
(a) (i)
(ii)
Write down Thiele’s differential equation for tV for this contract.
Write down a boundary condition for Thiele’s differential equation.
(b) Using a time step of h  0.2 years, estimate 9.6V.
[2  4  6 points]
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Section 9.3 Calculating Profit
13. Consider Example 9.8. Decompose the total gain according to the following order:
Expense, then withdrawal and mortality combined, and finally interest.
14. Consider Example 9.8, but assume that during the second year, there is an initial expense of
10 per policy under the actual experience. Calculate the total gain and decompose it according
to the following order:
Expense, interest, and finally withdrawal and mortality combined.
15. (MLC Sample #302) For a fully discrete whole life insurance of 1000 on (70), you are given:
(i)
The withdrawal benefit in year 10 is 110.
(ii)
The gross annual premium is 16.
(iii) Expenses are incurred at the beginning of the year.
(iv) Withdrawals occur at the end of the year.
(v)
1000 such polices are in force at the beginning of year 10.
(vi)
Mortality (d)
Anticipated experience
 ( d )  0.01
q 79
Actual experience
15 deaths
Withdrawal (w)
Interest
Expenses
 ( w )  0 .1
q 79
i  0.06
3 per policy
100 withdrawals
i  0.05
5 per policy
(vii) Reserves are gross premium reserves.
(viii) The gross premium reserve at the end of year 9 is 115.
You calculate the combined gain from mortality and withdrawals during year 10 before
calculating the gain from interest and expenses.
Calculate the combined gain from mortality and withdrawals.
(A) –4,360
(B) –4,340
(C) –4,320
(D) –4,300
(E) –4,280
16. Refer to the set up in the previous question. Further decompose the combined gain from
mortality and withdrawals in the order of mortality and withdrawal.
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17. [Structural Question] A block of 100 fully discrete insurances of 1000, issued to (60), are in
force at age 69. You are given:
(i)
The gross premium is 22.
(ii)
The 9th gross premium reserve is 110, the 10th gross premium reserve is 138.361.
(iii) The 10th year withdrawal benefit is 80% of the 10th gross premium reserve.
(iv) The anticipated experience at time 9 is as follows:
 anticipated interest is 5%.
 ( d )  0.015, q 69
 ( w )  0.12, withdrawal
 anticipated mortality and withdrawal are q 69
occurs only at the end of the year
 anticipated expenses are 4 per policy, incurred at the beginning of the year, and claim
settlement expenses are 10 per policy
During the 10th year, there are 2 deaths and 10 withdrawals. Actual claim settlement expenses
incurred are 9. Actual expenses incurred at the beginning are 4. The realized interest rate is
5.5%.
(a) Calculate the total gain.
(b) Assume that withdrawal only happens before a premium payment. Decompose the gain,
in order, into
(i)
the gain from mortality,
(ii)
the gain from expenses,
(iii) the gain from withdrawal,
(iv) the gain from interest.
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Solutions to Exercise 9
1. From (iv), we get  t( )  0.104. So, fx,J(t, 1)  0.1e0.104t and fx,J(t, 2)  0.004e0.104t.
The APV is given by
2000 A (1)
1
0:5
1
 500000 A (2) 0:5
5
5
0
0
 2000  e 0.04t 0.1e 0.104t dt  500000  e 0.04 t 0.004e 0.104t dt

200
2000
(1  e 0.1445 ) 
(1  e 0.1445 )  7841.29
0.144
0.144
So the answer is (A).
2. fx,J(t, 1)  0.0002e0.001t .
We can think of the benefit is comprised of two parts: a basic benefit of 100,000 that is payable
at the moment of death, and a top up of 100,000 if the insured dies from an accident during
the first 10 years. So, the single net premium for this insurance is
10
0.001


100, 000( Ax( )  A (1) x1:10 )  100, 000 
  e 0.06 t  0.0002e 0.001t dt 
0
 0.001  0.06


0.0002(1  e 0.06110 ) 
 100, 000  0.01639344 
  1789.065
0.061


The correct answer is given by (C).
 (i )

3. Under constant force of decrements, Ax(i )   e  δt exp(  ( ) t )  ( i ) dt 
0
 ( )  δ
.
From the information given,  t( )  0.0001045.
As a result, the sum of APVs of the benefits (in units of 1,000,000) is
Ax(1)  0.5 Ax( 2)  0.25 Ax(3)
1 / 2000000
1 / 250000
1 / 10000
 0.5
 0.25
0.0001045  0.06
0.0001045  0.06
0.0001045  0.06
4
 4.5754  10

The APV is 457.54, and hence the correct answer is closest to (B).
( )
4. Similar to the previous question,  x
t  0.06, and the sum of APVs of the benefits is
0.02
0.04
0 .1
.


0.06  δ 0.06  δ 0.06  δ
1
The APV of a continuous life annuity of rate 1 is a x 
.
0.06  δ
By the equivalence principle, Pa x  3 Ax(1)  Ax( 2 ) and this gives P  0.1.
So the correct answer is (D).
3 Ax(1)  Ax( 2 )  3
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5. Under constant force of decrements,
 (i )
n
A(i ) 1   e δt exp(  ( )t )  (i ) dt 
x:n
0

( )
δ
[1  e ( 
( )
 δ)n
].
The single net premium for this insurance is
50000 Ax(1)  PA(2) 1  50000( Ax(2)  A (2) 1 )
x:2
x:2
0.01
2.29
 2.29 2.29

P
(1  e 2.42 )  50000 

(1  e 2.42 ) 
2.4
2.4
2.4
 2.4

Setting the expression above to P, we get
 50000
50000
0.01
2.29
2.29  2.42
P
(1  e  2.42 )  50000 
e
P
2 .4
2 .4
2 .4
600.96085  P (1  0.9463141)
which gives P  11194.02. So the correct answer is closest to (D).
6. In order to compute the various survival probabilities we first complete the double decrement
( )
( )
table. Obviously, l 41
 2000  80  1920 , and l 42
 1920  80  1840 .
The APV of a 3-year life annuity due that pays 1 at the beginning of each year is
a40:3  1 
1 1920
1 1840

 2.748753 .
1.05 2000 1.052 2000
The APV of a 3-year fully discrete term insurance that pays 1 at the end of the year of death
is
A(1)

1
40:3
1 20
1
30
1
40


 0.040406 .
2
3
1.05 2000 1.05 2000 1.05 2000
So, the level annual premium is 1000(0.040406) / 2.748753  14.69976.
The correct answer is (B).
7. (a) Since deaths are continuous and lapses are discrete,
(1)
( )
 (1)  0.12, p 60
 (1) )(1  q 60
 ( 2 ) )  0.88 &times; 0.9  0.792
q 60
 q 60
 (1  q 60
(1)
 (1)  0.18.
q 61
 q 61
 0.12 0.792  0.18 
EPV of death benefits is 100,000

  23666.697.
1.07 2
 1.07

(b) A two-year life annuity that pays 1 as long as a life aged 60 survives is 1 
0.792
.
1.07
 0.792 
So, (1  0.05) P1 
  23666.697 , and P  14315.89.
1.07 

(c) Since there are no future premiums payable, there is no any incentive for the insured to
surrender. No matter if the insured surrenders or not, he would not need to pay any more
premiums. But if he surrenders, his beneficiary would not be entitled to the future death
benefits if death occurs.
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 0.12 0.88  0.18 
(d) EPV is 100,000

  25050.2.
1.07 2 
 1.07
(e) Lapses lead to no benefits. Now that lapse cannot happen in year 1, the death probability
of death during the second year increases, and hence the EPV increases.
( )
( )
8. Obviously, l 42
 800  8  16  776 , and l 43
 776  8  16  752.
The APV of the prospective loss is
 8v 8v 2 
 16v 16v 2
  1000
2000 A (11)  1000 A (12 )  2000


42:2|
42:2|
 776 776 
 776 776
32000

(0.95  0.95 2 )  76.39175
776



The APV of future premiums (including the one that is due now) is
 752 
( )
34a42
 341 
v   65.30103 .
:2|
 776 
So, 2V  76.39175 – 65.30103  11.09072.
Alternatively, we can use recursive calculation. Starting with 4V  0,
( )
(1)
(2)
V  34  ( p 43
4V  2000 q 43  1000 q 43 )v
3
6
 8

V 
 2000 
 1000   0.95  34  6.425532.
752
 752

( )
(1)
( 2)
2V  34  ( p 42 3V  2000 q 42  1000q 42 )v
3
8
6
 752

V 
 6.425532 
 2000 
 1000   0.95  34  11.09072.
776
776
 776

2
The correct answer is closest to (D).
( )
( )
9. We have p56
 1  0.005  0.040  0.955 , p57
 1  0.008  0.060  0.932
The APV of future contract premiums (including the one then due) is
 0.955 
50a56:2|  501 
  95.047 .
1.06 

The APV of prospective loss is
 0.005 0.955  0.008 
 0.040 0.955  0.06 
2000 A(1)
 1000 A(2)
 2000 


1
1
  1000 

2
56:2
56:2
1.06
1.06 2
 1.06

 1.06

 23.03311  88.73265  111.766
The time-1 reserve is 111.766  95.047  16.72. So, the correct answer is closest to (D).
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10. Since settlement expenses are 5% of the benefit, the APV of death benefits and settlement
expenses is
0.004
0.04


1000(1.05)( 2 Ax(1)  Ax( 2 ) )  1050 2

  536.17 .
 0.044  0.05 0.044  0.05 
The APV of contract premiums, deducted by maintenance expenses, is
(100  3) a x  97
1
 1031.91 .
0.044  0.05
The APV of the insurer’s expense-augmented loss random variable is
536.17  50  1031.91  445.74,
which is closest to (A).
11. (a) (i) Integrating the total force of decrement yields
7.6  10 5 e 3.6 0.09 s
(e
 1)
0
0.09


7.6  10 5 e 3.6 0.09 s
( )
 exp 51  10 5 s 
(e
 1)
Thus s p 40
0.09


( )
0.05020929
Putting s  10, 10 p 40  e
 0.951030 .
s
[51  10 5  7.6  10 5 e 0.09(40  t ) ]dt  51  10 5 s 
(ii) We integrate

10
0
s
( ) (1)
p 40
 40 s ds using Simpson’s rule:
s
0
2.5
5
7.5
10
( )
p 40
1
0.990968
0.980087
0.966940
0.951030
 40(1) s
0.003281
0.003983
0.004862
0.005963
0.007341
s
Integrand
0.003281
0.003947
0.004765
0.005766
0.006982
The answer is
2 .5
[0.003281  0.006982  4(0.003947  0.005766)  2(0.004765)]  0.048871 .
3
(b) (i) The APV of future benefit is
10
( )
(2)
(1)
50, 000( A1(2)  2.5 A1(1) )  50, 000  v s s p40
(  40
 s  2.5 40  s )ds
40:10
s
0
2.5
5
7.5
10
40:10
( )
p 40
1
0.990968
0.980087
0.966940
0.951030
s
0
(2)
(1)
e 0.05 s (  40
 s  2.5  40  s )
0.008214
0.008797
0.009475
0.010252
0.011138
Integrand
0.008214
0.008717
0.009286
0.009914
0.010592
Actex Learning | Johnny Li and Andrew Ng | SoA Exam LTAM
Chapter 9: Multiple Decrement Models: Applications
C9-30
So, the integral is approximately equal to
2 .5
[0.008214  4(0.008717  0.009914)  2(0.009286)  0.010592]
3
 4662.58
50,000 
The APV of premiums is
2.5  0.951030
0.990968 0.966940
0.980087 
1
 4(

)2
0.5
0.125
0.375

3 
e
e
e
e 0.25 
 7.716491P
10
( )
P  v s s p 40
ds  P
0
As a result, P  604.24.


7.6  10 5 e 4.05 0.09 s
( )
 exp  51  10 5 s 
(e
 1)
(ii) s p 45
0.09


The APV of future benefit is
5
( )
(2)
(1)
50, 000( A1(2)  2.5 A1(1) )  50, 000  e 0.05 s s p45
( 45
 s  2.5  45 s )ds
45:5
s
0
2.5
5
0
45:5
( )
p 45
1
0.986586
0.970353
s
(2)
(1)
e 0.05 s (  45
 s  2.5  45  s )
0.012166
0.013164
0.014301
Integrand
0.012166
0.012988
0.013877
So, the integral is approximately equal to
2 .5
50,000 
[0.012166  4(0.012988)  0.013877]  3249.7917 .
3
The APV of future premiums is
5
( )
P  v s s p 45
ds  P
0
2 .5 
0.986586 0.970353 
1  4(
)
 4.36529 P.

3 
e 0.125
e 0.25 
The reserve at the end of 5 years is 5V  3249.7917  604.24 &times; 4.36529  612.1.
(c) The total force of decrement is
 40(1)t   40( 2) t  51  10 5  7.6  10 5 e 0.09(40 t ) ,
a premium of rate P is received continuously, and the benefits for transition are b(1) 
125,000 and b(2)  50,000. As a result,
d tV
 P  (0.05  51  10 5  7.6  10 5 e 0.09(40  t ) ) t V
dt
 (5  10  4  7.6  10 5 e 0.09(40 t ) )  125000  10 5  50000
 P  (0.05  51  10 5  7.6  10 5 e 0.09(40  t ) ) t V  9.5e 0.09(40 t )  63
(d) The backward recursion scheme is
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V  [ P  (0.05  51  10 5  7.6  10 5 e 0.09(50kh ) )10 khV  9.5e 0.09(50 kh )  63]h
10 kh
with terminal value 10V  0. Now we start with k  0 and compute the reserves recursively,
using P  604.24 and h  1:
(In the table below,
f(k)  P  (0.05  51  10 5  7.6  10 5 e 0.09( 50  kh ) )10  khV  9.5e 0.09( 50  kh )  63 )
k
0
1
2
3
4
5
10kV
0
313.927
536.424
679.316
753.029
766.786
f(k)
313.923
222.501
142.892
73.714
13.757
12. (a) (i) By Thiele’s differential equation,
d tV
 300  50  (0.04  10 5  1.150t  0.05) t V  100000  10 5  1.150t
dt
 250  0.09 t V  (100000  tV )10 5  1.150t
(ii)
10V
0
(b) At t  10, tV  250  100000 &times; 105 &times; 1.160  54.481640
9.8V  0  0.2 &times; 54.481640  10.896328
At t  9.8,
59.8
5
 –47.719348
tV  250  0.09 &times; 10.896328  (100000  10.896328) &times; 10 &times; 1.1
9.6V  10.896328  0.2 &times; 47.719348  20.4402
13. Profit from expenses = (6  0) &times; 7.75671 = 46.540
In the calculation of the profit from withdrawal and mortality, we use actual expenses.
Profit from withdrawal and mortality
 800 &times; 0.4  641.27971) &times; (4  0.06319)  (1506  641.27971) &times; (5  7.75671)
 3648.600
The profit from interest is the same as before: 986.182.
As a sanity check, the sum of the components is 4588.242.
14. Expected profit is still 1702.8208, but the actual profit changes to
Actual profit  150 &times; [(277.45486 + 0.95 &times; 400  10) &times; 1.07]
 [(150 – 9) &times; 641.27971  4 &times; 0.4 &times; 800 + 5 &times; 1506]
 4686.06592
So, the total gain becomes 4686.06592  1702.8208  2983.25.
The break down is calculated as follows:
Profit from expenses: 150 &times; (10  0) &times; 1.06  (6  0) &times; 7.75671  –1636.540
(Note: here we used expected interest and mortality)
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Profit from interest: 150 &times; (277.45486  0.95 &times; 400  10) &times; (0.07 – 0.06)  971.182
(Note: here we used actual expenses)
Profit from withdrawal and mortality:
(800 &times; 0.4  641.27971) &times; (4  0.06319)  (1506  641.27971) &times; (5  7.75671)
 3648.600
( )
15. We have p 79
 (1  0.01)(1  0.1)  0.891 . Also, since withdrawal only occurs at the end of
the year, by the discussion on the last section of the previous chapter,
(d )
( w)
 ( d )  0.01 , q 79
q 79
 q 79
 (1  0.01)  0.1  0.099 .
We also need to compute the gross premium reserve at the end of year 10. By the recursive
relation for gross premium reserve, applied using the anticipated experience,
(16 – 3  115) &times; 1.06  0.89110Vg  0.01 &times; 1000  0.099 &times; 110
g
10V
 128.8328
The actual number of survivors at the end of year 10 is 1000 – 15 – 100  885. In the
calculation, we assume that expenses and interest follow the assumptions. There is no
settlement expense.
The combined gain from mortality and withdrawals is
 N [(bh( d1) 
V g )(qˆ x( d )h  q x( d )h )  (bh( w1) 
h 1
V g )(qˆ x( w h)  q x( w h) )]
h 1
Putting in numbers, we get
(1000 – 128.8328)(15  1000 &times; 0.01)  (110 – 128.8328)(100  1000 &times; 0.099)
 –4337.003
16. Interest and expenses plays no role in the calculation because there is no death settlement
expense.
Mortality component:
We have to compare two scenarios:
Anticipated
vs
Mortality follows actual but all
other assumptions follows anticipation
 ( d )  0.1 and q 79
 ( w)  0.01
q 79
vs
 ( d )  0.015 and q 79
 ( w)  0.01
qˆ 79
In terms of number of decrements,
vs
d 79( d )  10 and d 79( w)  99
(d )
dˆ 79
 15 and d 79( w )  (1000  15)  0.01  98.5
Notice that while the independent rates of surrenders are the same, the number of surrenders
is smaller in the second scenario because death competes with surrender.
The gain from mortality is
(1000 – 128.8328)(15  10)  (110 – 128.8328)(98.5  99)  –4365.2524
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Withdrawal component:
In the scenario when both mortality and withdrawal follows “actual” scenario,
(d )
dˆ 79
 15 and d 79( w)  100. So the gain is
(1000 – 128.8328)(15 – 15)  (110 – 128.8328) &times; (100  98.5)  28.2492
17. (a) The cash value is 138.361 &times; 0.8  110.6888.
(d )
For the calculation of expected profit, we use q 69
 0.015 and
( w)
( )
q 69
 0.985  0.12  0.1182 , and hence p 69
 0.8668.
Expected profit
 100[(110  22  4) &times; 1.05  0.8668 &times; 138.361  0.015 &times; 1010  0.1182 &times; 110.6888]
 1376.4731
The actual profit is
100 &times; (110  22  4) &times; 1.055  88 &times; 138.361  2 &times; 1009  10 &times; 110.6888
 1796.656
The gain is 1796.656  1376.4731  –420.1829.
(b) (i)
(ii)
(110.68888  138.361)(2  1.5) &times; 0.12  (1010  138.361) &times; (2  1.5)  437.4801
(9  10) &times; 2  2 (here we use the actual number of deaths, which is 2)
(iii) Here q x( w h)  (1  0.02) &times; 0.12  0.1176
So the gain is (110.68888  138.361)(10  11.76)  –48.702
(iv) 100 &times; (110  22  4) &times; (5.5%  5%)  64
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