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3
Derivative
LEARNING ACHIEVEMENT
After reading and reviewing this Chapter, students will be able to:
• Specifying the gradient of a straight-line graph
• Find the derivative of exponents and polynomials
• Determine the derivative of the product and the quotient of the statement
• Determine the derivative using the chain rule for 'function of a function'
• Determine the derivative of algebraic and transcendental functions
3.1 INTRODUCTION TO DERIVATIVES
Limit and infinitely small
Calculus is generally developed by manipulating a number of very small quantities. This
object, which can be treated as a number, is very small. Every multiplication by infinitely
small (infinitesimal) is still infinitely small, in other words, infinity does not satisfy the
Archimedes property. From this point of view, calculus is a collection of techniques for
manipulating the infinitesimal.
In the 19th century, the concept of small infinity was replaced by the concept of limit.
Limit describes the value of a function at a certain input value with the result of the
closest input. From this point of view, calculus is a collection of techniques for
manipulating certain limits.
Derivative
Tangent to (x, f(x)). The derivative f'(x) of a curve at a point is the slope of the tangent to
the curve at that point.
Differential calculus is the study of the definition, properties, and applications of the
derivative or slope of a graph.
The concept of derivatives is fundamentally more advanced and complicated than the
concepts found in algebra. In algebra, a student studies a function that inputs a number
and outputs a number. But the input of the derivative is a function and the output is also
a function.
To understand derivatives, a student must study mathematical notation. In mathematical
notation, one of the symbols commonly used to express the derivative of a function is
apostrophe. Then the derivative of f is f'.
.
If the input of a function is time, then the derivative of that function is the rate of change
at which the function changes.
If the function is a linear function, it can be written as y=mx+b, where:
.
This gives the value of the slope of a straight line. If a function is not a straight line, then
the change in y divided by the change in x varies, and we can use calculus to determine
the value at a given point. The slope of a function can be expressed as:
where the coordinates of the first point are (x, f(x)) and h is the horizontal distance
between the two points.
To determine the slope of a curve, we use the limit:
The tangent is the limit of the secant line. The derivative of the curve f′(x) at a point is
the slope of the tangent to the curve at that point. This slope is determined using the
limit value of the slope of the secant line.
For example, to find the gradient of the function f(x) = x2 at the point (3.9):
3.2 Gradien grafik garis-lurus
B
y
Q
dy
P
dx
x
A
The gradient of the sloping straight line shown in the figure above is defined as:
the vertical distance the line rises or falls between the two points P and Q
Horizontal distance between P and Q
where P is the point to the left of point Q on the straight line AB that slopes upward from
left to right. These changes in the x- and –y-values for points P and Q are denoted by dx
and dy, respectively. So the gradient of this line is given by:
dy
dx
We can choose any pair of points on the straight line as P and Q and with similar
triangles these ratios will be equal:
The gradient of a straight line is constant throughout its length
The value is indicated by the symbol m.
dy
Therefore
m=
dx
For example, if, for a given line (see the picture on the back of this page), P is a point
(2,3) and Q is a point (6.4), then p is to the left of and below the point Q.
In this case:
dy = change in value –y = 4 – 3 = 1 and
dx = change in value –x = 6 – 2 = 4 so that:
m=
dy 1
= = 0,25.
dx 4
This sloping line increases vertically from the right by 0.25 units
for every 1 unit horizontally.
If, for a certain line (see the figure below), P is a point (3,5) and the point Q is a point
(7,1), then P is to the left of and above the point Q. In this case:
y
Q(6,4)
4
dy
P(2,3)
dx
3
2
1
0
2
4
6
x
dy = change in value –y = 1 – 5 = -4 and
dx = change in value –x = 7 – 3 = 4 so that:
dy − 4
This slash decreases vertically from left to right by 0.25
m=
=
= −1
dx
4
units for every 1 unit horizontally.
y
P(3,5)
dy
2
1
Q(7,1)
dx
0
2
4
6
8
x
So lines going up to the right have a positive gradient, lines going down to the right have
a negative gradient.
Try the following exercises. Determine the gradient of the straight lines connecting:
1. P (3, 7) and Q (5, 8)
4. P (3, 6) and Q (5, 2)
2. P (2, 4) and Q (6, 9)
5. P (-2, 4) and Q (3, -2)
3. P (1, 6) and Q (4, 4)
Draw a diagram for each question
1
4
y
dx = 8
y
P
(-3,6)
dy = -4
(5,8)Q
dy = 1
(3,7)P
Q
(5,2)
dx = 2
0
-3
5
m=−
0
3
m=
x
5
1
= 0,5
2
y
2
1
= −0,5
2
5
y
dx = 5
P
(-2,4)
(6,9)Q
dy = -6
dy = 5
(2,4)P
-2
dx = 4
0
2
6
m=
x
0
m=−
5
= 1,25
4
y
P
dx = 3
(1,6)P
dy = -2
(4,4)Q
0
1
4
x
2
= −0,667
3
Now let's extend this idea to graphs that are not straight lines.
m=−
3
6
= −1,2
5
(3,-2)Q
x
3.3 Gradient of a curve
If we take the two points P and Q on a curve and calculate, as we would for a straight
line:
the vertical distance up and down the curve between two points P and Q
Horizontal distance between P and Q
the result will depend on the choice of points P and Q as can be seen from the following
figure:
Q2
Q1
P
This is because the gradient of the curve changes along the curve, as anyone who has
approached the hill feels it. Because the gradient of this curve is not determined between
two points as in a straight line but at one point. The gradient of a curve at a given point
is determined to be equal to the gradient of the straight line tangent to the curve at that
point – the gradient of the tangent.
y
P
x
The gradient of the curve at point P is the same as the gradient of the tangent to the
curve at point P.
It is a simple but important definition because all differential calculus depends on
this definition. Make a note of this in your exercise book.
3.4 Definition of Derivative
The limitations of the practical construction of the previous method force us to look for a
more accurate method of finding gradients, so let's start from a different point of view
and prove a general rule.
y
Q
d y
P
d x
5
x
Let P be a fixed point (x, y) on the curve y = 2x 2 + 5, and Q is the point next to it, with
coordinates (x+ d x, y + d y).
y
Q
dy
P
dx
5
x
Definition
dy
dx
=
lim
x → 0
f ( x + x ) − f ( x )
x
Small increment x as big as x , lead to increase y as big as  y , so that, y = f (x)
becomes y +  y = f (x + x) then the equivalence of writing or the meaning of the
derivative f(x) is :
dy
d f ( x)
f ( x + x ) − f ( x )
y
= y1 =
= f 1 ( x) = lim
= lim
x → 0
x → 0  x
dx
dx
x
1. y = x 2
dy
( x + x ) 2 − x 2
x 2 + 2xx + x 2 − x 2
x ( 2 x + x )
= lim
= lim
= lim

x
→
0

x
→
0

x
→
0
dx
x
x
x
= lim (2 x + x) = 2 x
x → 0
y = x3
dy
( x + x ) 3 − x 3
x 3 + 3x 2 x + 3x 2 + x 3 − x 3
= lim
= lim
x → 0
d x x → 0
x
x
x(3 x 2 + 3x + x 2 )
= lim (3 x 2 + 3x + x 2 ) = 3 x 2
x → 0
x → 0
x
= lim
y = xn
dy
( x + x ) n − x n
= lim
d x x → 0
x
= lim
( x n + nx n −1 x +
x → 0
= lim
nx n −1 x +
x → 0
n(n − 1) n − 2 2
x x +  + n x x n − 1 + x n ) − x n
2
x
n(n − 1) n − 2 2
x x +  + n x x n − 1 + x n
2
x
n(n − 1) n − 2


= lim  n x n − 1 +
x x +  + n x x n − 2 + x n − 1  = n x n − 1
x → 0
2


2. y = sin ( x)
dy
sin ( x + x) − sin( x)
sin ( x) cos(x) + cos(x) sin ( x) − sin( x)
= lim
= lim

x
→
0

x
→
0
dx
x
x
cos( x) sin (x)
sin ( x) (cos(x) − 1)
= lim
+ lim
x → 0
x → 0
x
x
sin (x)
cos(x) − 1
= lim cos( x) lim
+ lim sin( x) lim
x → 0
x → 0

x
→
0

x
→
0
x
x
= cos( x) + sin( x) 0
d (sin ( x) )
= cos( x)
dx
Notes :
 cos2 (x) − 1 
 cos(x) − 1 cos(x) + 1 
cos(x) − 1

 = lim 
= lim 

x → 0
x → 0
x
x
cos(x) + 1  x → 0 x(cos(x) + 1) 

lim
sin 2 (x)
sin (x)
sin (x)
0
= lim
 lim
= 1
=0
x → 0 x (cos( x ) + 1)
x → 0
x x → 0 cos(x) + 1
1+1
= lim
3. y = ln ( x)
dy
ln ( x + x) − ln ( x)
= lim
= lim
x → 0
d x x → 0
x
ln
x + x
x = lim  1 ln x + x 
x → 0 x
x
x 

1
1


 lim  x  1  
x
 1x  1
   x   x

x
1


x → 0  x x 
 lim 1 +



= lim  ln 1 +

=
ln
=
ln
e
=
ln
e
=

ln
e
=




x → 0
 x → 0
x  
x  
x


 
  x


d (ln x) 1
=
dx
x
Notes. In principle, all functions can be derived using the definition above, but it is too long
(usually the potential for error will be large). Furthermore, it is enough with the formula that has
been described (from the definition).
3.5 Basic Derivative Formulas
1.
d
konst. = 0
dx
2.
d n
x
dx
3.
d
sin x = cosx
dx
4.
d
cosx = − sin x
dx
5.
d
1
tan x =
dx
cos2 x
6.
d
1
cot x = − 2 = − csc2 x
dx
sin x
7.
d
sec x = sec x. tan x
dx
8.
d
cscx = − csc x. cot x
dx
9.
log a e
d
log a x =
dx
x
10.
d
1
ln x =
dx
x
11.
d x
a
dx
12.
d x
e
dx
13.
d
arc sin x =
dx
14.
d
1
arc cos x = −
dx
1− x2
= sec 2 x
= a x ln a
1
1− x
2
= n x n−1
= ex
15.
d
1
arc tan x =
dx
1+ x2
16.
d
1
arc cot x = −
dx
1+ x2
17.
d
arc sec x =
dx
18
d
1
arc csc x = −
dx
x x2 −1
19.
d
sinh x = coshx
dx
20.
d
coshx = sinh x
dx
21.
d
1
tanh x =
= sec h 2 x
dx
cosh2 x
22.
d
1
coth x = −
= − csc h 2 x
dx
sinh 2 x
23.
d
sec h x = − sec h x. tanh x
dx
24.
d
csch x = − csch x. coth x
dx
25.
d
d
k . f ( x) = k .
f ( x)
dx
dx
26.
d
(u  v) = u'  v'
dx
27.
d
(u v) = u'v + v'u
dx
28.
d u
  =
dx  v 
1
x x −1
2
u ' v − v'u
v2
Notes.
If x is replaced with u, where u=f(x) then the above formula still has to be multiplied
du
. For example, for example:
dx
1.
d n
du
u = n u n −1
dx
dx
2.
d
du
sin u = cosu
dx
dx
3.
d
1 du
ln u =
dx
u dx
4.
d
1 du
ln u =
dx
u dx
5.
d
1 du
arc tan u =
dx
1 + u 2 dx
etc..
Second, Third, and so on
Derivative
𝑑𝑦
𝑑𝑥
can also be derived again with respect to x to be the second, third and derivatives
so on until the n-th derivative
Second derivative
Third derivative
𝑑2 𝑦
𝑑𝑥 2
𝑑3 𝑦
𝑑𝑥 3
= 𝑦’’ =
𝑑 𝑑𝑦
𝑑
𝑑𝑥 𝑑𝑥
𝑑𝑥 𝑑𝑥
( )=
𝑑
𝑑
[
𝑑
𝑓(𝑥)]= f’’(x)
= 𝑦’’’ = 𝑑𝑥(𝑦′′) = 𝑑𝑥 [𝑓′′(𝑥)]= f’’’(x)
Fourth derivative
n-th derivative : y(n) =
3.5.1
𝑑4 𝑦
𝑑𝑥 4
𝑑
𝑑𝑥
𝑑
𝑑
= 𝑦(4) = 𝑑𝑥(𝑦′′′) = 𝑑𝑥 [𝑓′′′(𝑥)]= f(4)(x)
[𝑦(n-1)]
Chain Theorem (Aturan Leibniz)
Let y be expressed as a function of U,
y = f (u) and u = g(x) or if y = f(g(x)) then y’ = f’ (g(x)). g’(x) From
formula y = f(g(x)) → y’ = f’ (g(x)). g’(x).
dy
du
= f’(u) = f’(g(x))
and f(g(x)) = f(u) → y = f(u) →
dx
du
Then f’(x) = f’ (g(x)). g’(x) can be expressed in Leibniz notation as
Then g(x) = u→ g’ (x) =
dy dy du
=
.
dx du dx
And the form can be expanded if y = f ( u(v)) then:
dy dy du dv
=
. .
dx du dv dx
Next if : y = f1 (u) , u = f 2 (v) , v = f 3 (w) , w = f 4 () dst  = f n (x)
d y d y du d v d w
d 
=
 
 
d x du dv d w d 
dx
Example:
Using Leibniz notation, determine the derivative of:
4
a. y = (x2 – 3x) 3
b. y = cos5 (

3
− 2x )
Answer:
4
a. y = (x2 – 3x) 3
ex :
u = x2 – 3x → du = 2x – 3
dx
1
3
dy 4 3
4
= u
y=u
→
du 3
1
4
= ( x 2 − 3x) 3
3
So that :
1
dy dy du 4 2
=
. = ( x − 3 x) 3 .(2x – 3)
dx du dx 3
1
8

=  − 4 (x 2 − 3x )3
x

b. y = cos5 (

3 − 2x

)
dv
= -2
dx
3

du
u = cos v →
= - sin v = - sin ( − 2 x )
3
dv
dy
y = u5 →
= 5u4 = 5(cos v)4
du
So that :
dy dy du dv

= 5(cos v)4 . - sin ( − 2 x ) . -2
=
.
dx du dv dx
3
Ex:
v=
− 2x →
= 10 (cos v)4 sin (
= 10 (cos(

3

3
− 2x )
− 2 x ) )4 sin (

3
− 2x )
3.5.2. EXERCISE
I. Find the first derivative of the following functions
1
3 3
−
x
1. y = x +
x x x
4.
y = cos
2
x
e2x
7. y =
(1 + 2 x )
10.
x2 + 2
2. y =
3− x
5.
y=e
8. y =
x 3 + 2 xy − y 2 − 3x + 4 y + 5 = 0
12. sin 2 x = cos 2 y
3.
y = x 3 ln 2 x
x 2 ln x
6. y =
(1 + 2 x)
1− x 3
1 − x2
1+ 7x
9. y = ln
1− x
1+ x
11. y + ln( xy ) − 3xy = 0
2
13. x 3 + 4 y 2 − 3x = 0
2
II. Leibniz Notation
By derivative formula y = f ( g(x)) is f’ (x) = f’(g(x) ). g’(x)
1. Determine the derivative of:
3
a. y = ( 4x + 5) 2

)
3
2. Using Leibniz notation, determine the derivative of the following function:
a. y = ( 6 – x 2 )3
b. y = cos ( 4x -  )

c. y = sin -3 (2x + )
3
b. y = sin ( 3x -
III. First derivative (dy/dx), second (d2y/dx2) and the application
1. Find the second derivative of the following fs:
a. y = sin( 2 x − 1)
2
3
c. x + y − 2x = 0
2 2
d. x y = x + 2y
b.
y&quot; = ?
y&quot;= ?
y = (2 x − 3)4
for x=4
for x=2, and y=1
2. Find value of a, b, and c from function
g(x) = ax2 + bx + c if
g(1) = 5, g'(1) = 3, and g&quot;(1) = −4
Define dy/dx and d2y/dx2 of the following functions:
III.
a)
b)
c)
d)
e)
y = x9/4
y= x(x2 + 1)1/2
y = (2x+5)-1/2
y = (1-6x)2/3
y = x(x2+1)-1/2
f)
s=
7
t2
2
− 

g) y = sin (2t + 5) 3 


h) g(x) = 2(2x-1/2+1)-1/3
i) h() = 3 1 + cos(2 )
j)
z = cos[(1-6t)2/3]
3.6
Implicit Function Derivatives
Implicit function is a function with different variables (eg x and Y) are on the same side
while on the right hand side are only constants. To derive a function that looks like this,
you can't do it in the same way as the previous methods (explicit functions).
Explicit function :
y = f (x)
implicit function :
F(x, y) = 0
dy
obtained from F(x, y) = 0 lowered with respect to x through y.
dx
F ( x, y ) = 0 →
F F d y
+

=0 →
x  y d x
F
dy
x
=−
F
dx
y
Example
a. F ( x, y) = 3x 2 y − 4 x y 2 + 2 x 2 + 5 y 2 + 34 = 0
6x y + 3 x2
,
dy
dy
dy
,
− 4 y 2 − 8x y
+ 4 x + 10 y
dx
dx
dx
(3x 2 − 8 x y + 10 y )
dy
= −6 x y + 4 y 2 − 4 x
dx
dy
6x y − 4 y2 + 4x
=− 2
dx
3 x − 8 x y + 10 y
F
F
= 3 x 2 − 8 x y + 10 y ,
= 6x y − 4 y2 + 4x ,
y
x
F
dy
6x y − 4 y2 + 4x
x
=−
=− 2
F
dx
3 x − 8 x y + 10 y
y
b. y = cos( x y)
dy
dy
= − y sin ( x y ) − x sin ( x y )
,
dx
dx
dy
dy
+ x sin ( xy )
= − y sin ( x y )
dx
dx
(1 + x sin ( x y)) d y = − y sin ( x y)
dy
y sin ( x y )
=−
dx
1 + x sin ( x y )
dx
Take a look at this example of implementing an implicit:
Example 1:
Determine the slope of the circle x2 + y2 at point (3,-4)
y1= 25 − x 2
-5
0
y1=- 25 − x 2
5
(3,-4)
Slope = -x/y= &frac34;
Solution:
The circle above is not a single function of x, but a combination of
graph of two derivable functions
y1= 25 − x 2 dan y2=- 25 − x 2 . Point (3,-4) is on the graph at y2,
so you can determine the slope with careful calculations.
dy2
− 2x
−6
3
=
x =3 = −
x −3 = −
2
dx
2 25 − 9 4
2 25 − x
But we can also solve it more easily by lowering the existing equation
of the equation of the circle above with respect to x
dy2 2
d
d
( x ) + ( y 2 ) = (25)
dx
dx
dx
dy
2x + 2y
=0
dx
dy
x
=−
dx
y
So the slope at the point (3,-4) is −
x
y
( 3, −4 )
=−
3
3
=
−4 4
Example 2:
Determine the tangent and normal to the curve x2-xy+y2=7 at point (-1,2)
tangen
normal
Ans: By using implicit derivatives, then:
y
x2-xy+y2=7
(-1,2)
-1
x
d 2
d
d
d
( x ) + ( xy ) + ( y 2 ) = (7)
dx
dx
dx
dx
dx 
dy
 dy
2x −  x + y  + 2 y
=0
dx 
dx
 dx
dy
(2 y − x)
= y − 2x
dx
dy y − 2 x
=
dx 2 y − x
Evaluate the derivative at the point (x,y) = (-1,2) to get:
dy2
dx
( −1, 2 )
=−
y − 2x
2y − x
( −1, 2 )
=−
2 − 2(−1)
4
=
2(2) − (−1) 5
The tangent to the curve at (-1.2) is the line:
4
y = 2 + ( x − (−1))
5
4
14
y = x+
5
5
While the Normal on the curve at (-1,2) is the line:
5
y = 2 − ( x − (−1))
4
5
3
y = x+
4
4
Using the implicit derivative to get the second derivative:
Example: Find
d2y
if
dx 2
2x 3 − 3 y 2 = 7
Find dy/dx to the equation, 2x3 – 3y2 = 7
dy2
d
d
(2 x 3 ) − (3 y 2 ) = (7)
dx
dx
dx
6x2 – 6y y’ = 0
x2 – y y’ = 0
y’ =
x2
y
(jika y  0).
Derive the equation x2 – y y’ = 0 again with respect to x to get y''
d 2
d
( x − yy ' ) =
(0)
dx
dx
2 x − y ' y '− yy&quot; = 0
yy&quot; = 2 x − ( y ' ) 2
2 x ( y' ) 2
y&quot; =
−
y
y
( y  0)
Finally, substitute y’ = x2/y to express y” in the notation x and y
y&quot; =
2 x ( x 2 / y) 2 2 x x 4
−
=
−
y
y
y y3
( y  0).
Exercise
Determine the dy/dx of the following implicit function:
1. x2y+xy2 = 6
6. x + tan(xy) = 0
2. 2xy + y2 = x + y
1
7. y sin   = 1 − xy
 y
3. x2(x-y)2 = x2 – y2
8. x3 + y3 = 18xy
x −1
x +1
9. x3 –xy + y3 = 1
4. y2 =
5. x = tan y
10. x2 =
x− y
x+ y
Determine dy/dx and d2y/dx2 from the following implicit function
11. x2 +y2 = 1
12. y2 = x2 + 2x
13. 2 y = x – y
14. if x3 + y3 = 16, determine the value of d2y/dx2 at point (2,2)
15. if xy + y2 = 1, determine the value of d2y/dx2 at point (0,-1)
16. Determine the slope of the curve at the given points:
y2 + x2 = y4 – 2x at points (-2,1) and (-2,-1)
17. Determine the tangent and normal to the following curve:
a. X2 + xy – y2 = 1 at point (2,3)
b. x2 y2 = 9 at point (-1,3)
c. 6x2 + 3xy + 2y2 + 17 y – 6 = 0 at point (-1,0)
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