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University of Waterloo, Department of Economics
Econ 290, Models of Choice in Competitive Markets
Fall 2019, 2nd Midterm Exam, Answer Key
Instructor: Alain-Desire Nimubona
Total Marks: 20
1. [4] For each case below, note whether the statement is True, False, or Uncertain, and
explain your answer.
(a) [2] Suppose that a firm uses a single input z and has the production function f (z) =
√
z. For this production technology, the input sets are not convex.
Solution. False.
i. [1 mark] For this production technology, the input sets are convex. Given any q,
the input set is Z(q) = {z : z ≥ q 2 }, which is a convex set: that is, if z ≥ q 2 and
z 0 ≥ q 2 , it must be that αz + (1 − α)z 0 ≥ q 2 , for any 0 ≤ α ≤ 1.
ii. [1 mark] This is illustrated in Figure 1. It is easy to see that the input set
Z(q 000 ) is convex: for q 000 , any z and z∈ Z(q 000 ), and any 0 ≤ α ≤ 1, we have that
αz+(1 − α)z∈ Z(q 000 ).
Important remark :
i. As an alternative explanation, the student can just prove that the production set
√
√
defined by the production function f (z) = z is convex because z is a concave
1
function. This can be verified directly because f 0 (z) = 2√
and f 00 (z) = − 13 &lt; 0.
z
4x 2
Remember from our conditions in class that convexity of a production set is equivalent to the assumption that the production function that defines it is a concave
function. Moreover, convexity of input sets is equivalent to the assumption that
the production function is a quasiconcave function. Since any concave function
is quasiconcave, a production technology with a convex production set must have
convex input sets.
(b) [2] Consider a two-period model of intertemporal choice. In each period i = 1, 2, the
consumer has income mi &gt; 0 and makes a consumption choice xi ≥ 0. The price
1
Figure 1: The production technology with f (z) =
√
z has convex production and input sets
of the consumption good is 1 in both periods. The consumer can save her period 1
income or borrow against her period 2 income at interest rate r &gt; 0. The consumer’s
utility from consumption path (x1 , x2 ) is xa1 x1−a
2 , where 0 &lt; a &lt; 1. In this context,
the optimal consumption path will always be such that x∗1 = 0 or x∗2 = 0.
Solution. False.
i. [1 mark] When u0 (0) = ∞, the optimal consumption will be positive in both
periods and thus optimal consumption path will never be such that x∗1 = 0 or
x∗2 = 0. Intuitively, if u0 (0) = ∞, the consumer’s marginal utility from consumption is arbitrarily high at small levels of consumption, which is a very realistic
assumption.
ii. [0.5 mark] Remember from our conditions in class that a necessary condition for
m2
∗
∗
(x1 , x2 ) = m1 + 1+r , 0 to be optimal is that
m2
u0 (m1 + 1+r
)
≥ 1 + r,
0
u (0)
which is never satisfied when u0 (0) = ∞.
iii. [0.5 mark] Similarly, remember from our conditions in class that a necessary
2
1
Figure 2: Indifference curves for utility function u(x1 , x2 ) = 2x1 + 4x22
condition for (x∗1 , x∗2 ) = (0, (1 + r)m1 + m2 ) to be optimal is that
u0 (0)
≤ 1 + r.
u0 ((1 + r)m1 + m2 )
which is never satisfied when u0 (0) = ∞.
2. [10] Consider a consumer with preferences represented by a utility function u(x1 , x2 ) =
1
2x1 + 4x22 .
(a) [2] Illustrate the indifference curves of this preference relation.
Solution. [2 marks] An indifference curve through the bundle z = (1, 1) is illustrated
in Figure 2.
(b) [8] Given prices p = (p1 , p2 ) &gt; 0 and income m &gt; 0, derive the consumer’s demand
functions.
Solution. We proceed in steps.
(a) The consumer’s utility maximisation problem is
√
max 2x1 + 4 x2
x1 ,x2 ≥0
subject to p1 x1 + p2 x2 ≤ m.
3
(b) [1 mark] This preference relation is monotone. To see this, consider any bundles
x and y with x1 &gt; y1 and x2 &gt; y2 . In that case, we have that u(x1 , x2 ) = 2x1 +
√
√
4 x2 &gt; 2y1 + 4 y2 = u(y1 , y2 ), so that x y. Because the preferences represented by
our utility function are monotone, the budget constraint holds as an equality at any
optimal bundle and we can restrict attention to the problem:
√
max 2x1 + 4 x2
x1 ,x2 ≥0
subject to p1 x1 + p2 x2 = m.
(c) We write the Lagrangean as
√
L(x1 , x2 , λ) = 2x1 + 4 x2 + λ [m − p1 x1 − p2 x2 ] .
(d) [3 marks] At an interior solution x∗ , we have the first-order conditions
∂
L(x∗1 , x∗2 , λ) = 2 − λp1 = 0,
∂x1
∂
2
L(x∗1 , x∗2 , λ) = ∗0.5 − λp2 = 0,
∂x2
x2
∂
L(x∗1 , x∗2 , λ) = m − p1 x∗1 − p2 x∗2 = 0.
∂λ
(L1)
(L2)
(LL)
(e) [1 mark] By dividing equation (L1) by equation (L2), we obtain
1
x∗0.5
2
=
p1
,
p2
which we can rewrite as
2
p1
∗
.
x2 =
p2
(MRS)
(f) [1 mark] By substituting (MRS) into (LL), we obtain
p1
∗
p1 x1 +
= m,
p2
or
x∗1 =
m p1
− .
p1 p2
The next question is whether the bundle x∗ we just identified above is even a feasible
interior consumption bundle. It would not be if parameters are such that x∗2 &lt; 0.
That is, equations (L1)-(LL) have an interior solution only if
m
p1
&gt; .
p1
p2
4
(g) [0.5 mark] At a corner solution with x∗2 = 0, we would have that x∗1 =
necessary condition is that
x∗0.5
2
≈0≥
x∗2 =0
p1
,
p2
m
p1 .
The
(MRSc)
which is never satisfied. Therefore, such a solution cannot exist.
(h) [0.5 mark] At a corner solution with x∗1 = 0 and x∗2 =
that
0.5
m
p1
≤ ,
p2
p2
m
p2 ,
the necessary condition is
(MRSc)
which is equivalent to
m
p1
≤ .
p1
p2
(i) [1 mark] This preference relation is convex. To see this, refer to Figure 2, and
consider two bundles x and y that lie on the same indifference curve. Given any
0 ≤ α ≤ 1, the bundle αx + (1 − α)y can be seen to lie on a higher indifference curve,
as desired. Because the preferences represented by our utility function are monotone
and convex, we know that any solution to our necessary conditions must be a solution
the consumer’s utility-maximisation problem.
(j) Finally, from our steps above we obtain the demand functions


 0, pm2 )
2 (x1 (p, m), x2 (p, m)) = p1
m

 p1 − p2 , pp12
if
m
p1
≤
p1
p2 ,
if
m
p1
&gt;
p1
p2 .
m
3. [6] Suppose a consumer has a demand function for good x of the form x = 10 + 10p
, where
x
px is the per unit price of good x, and m is her income. Originally, her income is $120 and
the price of good x is $3. Now suppose that the price of good x falls to $1.
(a) [2] What is the total change in demand induced by this change in the price?
Solution. The total change corresponds to the difference between the original and
final consumer’s demands for good x.
i. [0.5 mark] Originally, the consumer’s demand for x is
120
=14.
x0 (p0x , m)=x0 (3, 120)=10 + 10∗3
ii. [0.5 mark] When the price falls to 1 dollars, then the demand becomes
120
x1 (p1x , m)=x1 (1, 120)=10 + 10∗1
=22.
5
iii. [1 mark] The total change in demand is thus
∆x= x1 (p1x , m)-x0 (p0x , m)=8
(b) [2] What is the associated substitution effect?
Solution. To calculate the substitution effect, we need first to know how much the
income would have to change in order to make the original consumption just affordable
when the price per unit is $1
i. [0.5 mark] The required change in the income ∆m is ∆m = x0 ∗∆px = 14∗(1−3)
0
= -28, and the level of income necessary to keep purchasing power constant is m =
m + ∆m = 92.
ii. [0.5 mark] The consumers demand at the new price and this level of income is
0
92
x1 (p1x , m )=x1 (1, 92)=10 + 10∗1
=19.2.
iii. [1 mark] Therefore, the substitution effect is
0
∆xs = x1 (p1x , m )-x0 (p0x , m)=19.2 − 14=5.2.
(c) [2] What is the income effect?
Solution. [2 marks] The income effect is the difference between the total effect and the
substitution effect: ∆xm =∆x − ∆xs =8 − 5.2=2.8.
6
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